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Nomenclature
A - general vector
b = body coordinate system
be = body computed coordinate system
c — computed local level north pointing

coordinate system
D =down axis
Dc = down axis of the c coordinate system
Db

L = transformation matrix from body to local level
coordinate system

E =east axis
= dynamics matrices
= specific force vector
= gravity vector
= magnitude of g
= error in computed g due to error in assumed

position
= gravity deflection and anomaly vector
= identity matrix
= local level north pointing coordinate system2

= north, axis
= platform coordinate system2

= general coordinate system
= position error vector
=true coordinate system2

= transpose
= INS-computed velocity error vector

w = white noise column vector
* = INS error state vector
e = gyro drift rate vector
6$ = vector angle by which a rotation of the t coor-

dinate system ends at the c coordinate system2

p = angular rotation rate vector of the L with respect
to the c coordinate system2

0 = vector angle by which a rotation of the t coor-
dinate system ends at the p coordinate system2

# = vector angle by which a rotation of the c coor-
dinate system ends at the p coordinate system2

Q = Earth rate vector
[</)t x ] = vector product matrix of <£,
w = angular rotation rate vector of the t coordinate

system with respect to an inertial coordinate
system2
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V = accelerometer error vector
Aq = column vector whose components are the com-

ponents of the general vector A when resolved in
coordinate system q

[0/ x ] = vector product matrix of $t
Q

A = rate of change of vector A as seen by an observer
in coordinate system q

Introduction

SELF-ALIGNMENT of a gimbaled inertial navigation
system (INS) results in a platform tilt which cancels the

effect of the level accelerometer biases. The same cancellation
takes place in strapdown INS too; however, unlike gimbaled
INS, in a strapdown system, this cancellation is perturbed
once the INS changes heading. This Note shows that the
standard strapdown INS error model does describe this
heading-sensitive phenomenon and that the transformation
matrix from the body to the reference coordinate system plays
a major role in the modeling of this phenomenon.

The differential equations which describe the error
propagation in INS are divided into equations which describe
the propagation of the translatory errors and equations which
describe the propagation of the attitude errors.

The propagation of the translatory errors, namely position
and velocity errors, is classically described by either1'2

A/T+2a>xAJ?+arxAJ?+coX -fix

(la)

or3,4

where Eqs. (la) and (2a) are, of course, identical.
The propagation of the attitude errors is given by1'2

= d=€

(2a)

(2b)

(3)

(The plus sign in front of e is chosen when the INS is a gim-
baled one and the minus sign is chosen for a strapdown
INS5'6). Using the following realtionship between 60 and #

Equation (3) can be transformed into the following equation
which can be used instead of Eq. (3)

= ±6+^0+05X60
(5)

As seen from Eqs. (la) and (2a), the attitude error equations
have to be solved too in order to solve the translatory error
equations.
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Usually the INS error equations are transformed into the
state space where they are used in Kalman filtering or in
analyzing system performance utilizing covariance
propagation methods. In the state space, the INS error model
is presented in the following form

x=Fx+w (6)

where x contains the INS position, velocity and attitude
errors, as well as states describing the accelerometer and gyro
error models, and where & is a white noise vector. Assume,
for example, that the model given in Eqs. (2), (4), and (5) is
transformed intb the state space and further assume that the
accelerometer models, as well as the gyro models, consist of a
random constant, a white noise and a random walk com-
ponent. Then, x is given by

(7)

where an underbarred quantity denotes a column matrix
whose elements are the elements of the pertinent vector when
resolved in the reference t coordinate system. The matrix F is
of the following form

(8)

where F' describes the dynamic relations between Afi,, AF,
and <kt. These relations are expressed in Eqs. (2), (4),, and (5).
The specific form of F' is obtained when resolving the vec-
torial expressions of those equations in the reference, i.e., t,
coordinate system.

The state space representation of the error model of
strapdown INS is almost identical to the preceding model of
gimbaled INS with the only differences7 being that the 3 x 3
submatrices / in the matrix F, given in Eq. (8), are replaced by
Db

t (Db
t is the transformation matrix which transforms

vectors from the body b to the reference coordinate system)
and that the state vector of Eq. (7) is now

(9)

It is well known that self-alignment of a gimbaled INS
produces platform tilts which, through g, practically cancel
the effect of the level accelerometer biases. This situation
remains unchanged even when the vehicle changes its heading,
since the platform attitude remains unchanged. In strapdown
INS also, the effect of accelerometer bias compensation by
the tilt errors after self-alignment, is well known. (Note that in
a strapdown INS the physical tilts of the gimbaled system are
replaced by mathematical tilts.) However, in strapdown INS,
this bias compensation is destroyed once the vehicle changes
its heading,8'9 the worst case bing a heading change of 180
deg.8 Two questions are then asked:

1) Does the present error propagation model describe this
phenomenon?

2) If so, where in the model is it described?

Analysis
Since the only difference between the translatory error

models of the gimbaled and the strapdown INS is in the in-
troduction of Db

t in the strapdown model, it could be
justifiably concluded that if the model accounts for the
heading sensitivity, then it is Db

t which is involved in the
modeling of this error. To show specifically how this takes
place, consider the following analysis:

From the strapdown INS error model outlined here it can be
shown that

(10)

Let the reference, t, coordinate system be the local level
north-pointing L coordinate system and assume that before
self-alignment commences, the body north axis happens to
coincide with the north axis of the L frame and, similarly, the
body east axis coincides with the L frame east axis (i.e., they
correspondingly point in the local north and east directions.)
Then, at the end of the self-alignment stage, when
AFL = AVL =Q, the east component of Eq. (10) satisfies

Nb

' Eb

' Db J

= 0

which yields ' Eb

(ID

(12)

-g

vEb < D N ( 0 )

. ^ r

Dc
Fig. 1 Relative orientation between local level north-pointing
coordinate system and computed strapdown coordinate system at the
end of self-alignment.

Dbc5Dc
Fig. 2 Relative orientation between local level north-pointing
coordinate system and computed strapdown coordinate system after a
180 deg azimuth change.
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Hypothesizing that the INS undergoes a 180 deg heading
change, then

-1

-1

1

(13)

thus, using Eqs. (12) and (13) in Eq. (10) yields the following
east axis equation

1

-1 ' Eb

' Db J

(14)

EL

which can be written as

Using Eq. (12), this can be equivalently written as

(15a)

(15b)

Equations (15a) and (15b) express the heading sensitivity
phenomenon in strapdown INS.

The preceding analysis can be illustrated graphically as
follows. Figure 1 presents the goemetry at the end of the self-
alignment stage while Fig. 2 presents the geometry after a 180
deg heading change. In this special example, the body axes b
are chosen to coincide with the local level north-pointing axes
L, thus Eb=EL\ however, the computed local level north-
pointing east, Ec, and down, Dc, axes are tilted by the
misalignment angle 0^(0) about the north axis. Therefore,
when the computed transformation matrix, which transforms
vector from the b to the L coordinate system, is used to
transform the vector of accelerometer biases from the b to the
L system, the result is the vector VEb along the computed east
axis, Ec. As is well known, in the self-alignment stage the tilt
angle is determined computationally in such a way as to
satisfy Eq. (12). Indeed, the geometry of Fig. 1 expresses the
equality in magnitude of the two opposing vectors g<t>N(0)
and V Eb such that

(16)

from which Eq. (12) stems. (Note that the sensed gravity
vector is interpreted by the accelerometer as an acceleration in
a direction opposite to the gravity vecotr. For this reason g is
plotted upwards). When the inertial measuring unit of the
strapdown INS is now rotated in azimuth (about the down D
axis, not shown in the figures) at a 180 deg angle, this rotation
is picked up by the strapdown down gyro and fed into the
strapdown computer which computes a new transformation
matrix. Due to the initial misalignment error, the newly
computed transformation matrix implies that the body east
axis, Efc, differs from the true body east axis, Eb, by the same
initial misalignment error </>N(0). It also implies that the ac-
celerometer which points in the Eb direction measures along
the Ebc axis the quantity g</>N(0) in addition to the ac-
celerometer bias which is equal in magnitude to V^. That is,
it assumes ihatfEb, the specific force measured in the body
east direction, is

fEb = VEb+g<t>N(0) (17)

and then since D*[c, the transformation matrix from the be to
the L coordinate system, is as follows

Db
L

c =

1 0

0

0 -

0

(18)

then when the vector of specific forces whose east value isfEb
of Eq. (17) is transformed by Db

L into the L system the result
to the first order is

(19)

or by using Eq. (16), Eqs. (15) are obtainable.
Although a special case was used to demonstrate our

argument, one can easily use any initial orientation of the
body axes (i.e., not necessarily a coincidence with the L
system) and any azimuth change (i.e., not necessarily 180 deg
change). The argumentation will then be more involved, but
the conclusions will be identical.
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Introduction

PROPORTIONAL navigation (PN) is a well-known hom-
ing intercept guidance law whose performance has been

studied intensively.1'2 Theoretical and practical experience
with proportional navigation has shown that the navigation
ratio N' is one of the most important design parameters for
PN guidance schemes to date. The ratio N' is, in practice, held
fixed with acceptable values (3 < N' < 5) determined by noise,
radome, and target maneuver considerations.2 With the appli-
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